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Abstract 



For weak solutions to the evolutional p-Laplace equation with a 
, time-dependent Radon measure on the right hand side we obtain point- 

' wise estimates via a nonlinear parabolic potential. 

in 
o 

1 Introduction and main results 

In this note we give a parabolic extension of a by now classical result by 
Kilpelainen-Maly estimates [9], who proved pointwise estimates for solutions 
to quasi-linear p-Laplace type elliptic equations with measure in the right 
hand side, in terms of the (truncated) non-linear Wolff potential Wp (x, R) 
of the measure, 

(1.1) Wfoz, P )=jt {^0^1 Pl , Pj ■= 2~ j P, j = 0,1,2,... 

These estimates were subsequently extended to fully nonlinear equations by 
Labutin [TU] and fully nonlinear and subelliptic quasi-linear equations by 
Trudinger and Wang [17J. The pointwise estimates proved to be extremely 
useful in various regularity and solvability problems for quasilinear and fully 
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nonlinear equations [TUl HH [13 [T7j. For the parabolic equations the 
corresponding result was recently given in [51 [6] for the case p = 2, and by 
the authors in [12] for the case p > 2 and the measure on the right hand 
side depending on the spatial variable only. One of the main difficulties in 
the time dependent measure case is that of identifying the right analogue of 
the elliptic Wolff potential corresponding to p-Laplacian. 

It is the aim of this note to introduce a parabolic version of the Wolff 
potential and in terms of this newly defined potential to establish pointwise 
estimates for solutions to parabolic equations in the degenerate case p > 2 
with the time-dependent measures on the right hand side. The form of the 
parabolic potential introduced in the note is such that it reduces to the 
truncated Wolff potential if the measure does not depend on time, and it 
reduces to the truncated Riesz potential in the case p = 2, so we recover the 
corresponding result in [5l|6]. 

We are concerned with weak solutions for the divergence type quasi- 
linear parabolic equations 



where ft C M. N is a domain and T > 0, and p is an M iV+1 -valued (non- 
negative) Radon measure on To this end we introduce a parabolic 
analog of the non-linear Wolff potentials. 

Before formulating the main results, let us remind the reader of the 
definition of a weak solution to equation (jl.2p . 

We say that u is a weak solution to §T2§ if u G V{tt T ) ■= C([0, T]; Lf oc (Q,))(l 
tfoX®iT]Wi^(£t)) and for any sub-domain Q! <s Q and any interval I = 
[tijtz] C (0,T) the integral identity 



for any 9 G C£(fi T ). 

The crucial role in our results is played by parabolic generalization of 
the truncated Wolff potential, which is defined below. 

Parabolic Wolff potentials. Let fi be a positive measure on and 
(x ,t ) G tt T . For p, s > 0, let Q PyS := B p (x ) x (t — s,t + s). For p > 
define 



(1.2) 



Ut — A p u = p in Qt := £1 x (0, T) 



(1.3) 




(1.4) 
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where 

'(p-2)<r~^, p>2 
f+oo, r G (0, 1 



(1.5) ip(r) := 



p = 2. 
I 10, r>l, 



Observe that i p (r) is continuous in p for every t > 0. Also note that the 
above infimum is attained at some r £ (0, oo] since the function under the 
infimum is continuous in r. Moreover, Di{p) = \p~ N P-{Q p,p 2 ) ■ 

Now let, for /? > and for j = 0, 1, 2, . . . set := 2~ 3 p. We define the 
parabolic potential for a measure as follows: 

oo 

(1.6) P£(x ,to;p):=Y, D p(pj)- 

3=0 

In particular, there exists 7 > 1 such that 

r 

(1.7) -Pg(x ,to;r) < [ P~ N KQ P ^) — < -yP£(x ,t ;r), 
7 J P 



so that for p = 2 the introduced potential is equivalent to the truncated Riesz 
potential used in the estimates in 0(6]. Note that, for a time- independent 
p charging all balls centered at xq, the minimum in the definition of D p (p) 

p—2 

is attained at r = (j—^p=tP p ~P j (-^p)) p ~ 1 ■ So 

(1.8) D p (p) = [pP- N fx(B p )] ^ , P^(x ,t ;p) = W£(x ,p), 

so that in this case the introduced potential reduces to the non-linear Wolff 
potential. Moreover, with r(p) defined as follows: 

r (/>) = 7>(p;xo,to) : = (p t*(Qp,f*)) ' 
it is easy to see that there exists 7 = 7 P > such that, for all p > 0, 

D p {p) < 7 {p- n p(Q p ^))^ + 7P" Ar /^(Qp,.(p)p P ) 

and that 

00 ^ _j_ 

3=0 L 

Note that if p is a time-independent measure then there exists 7 > 1 such 
that 

1 00 r 1 

-W(x ,p) <Y t \(pJ N l i ^Pj^)) P ~ 1 +PJ N p(Q P] ,t(p^) \<^W(x ,p). 
7 3=0 1 J 

The main result of this paper is the following theorem. 
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Theorem 1.1. Let u be a weak solution to equation (|1 .2[) . Then, for every 
A € (0, min{^-, -^}] there exists 7 > depending on p,N,co,c\ and X, 
such that for every Lebesgue point (y, s) € Qt of u± and p,9 > such that 
Qp,e ■= {x : \x — y\ < p} x [s — 8, s + 8] C CIt, with an additional assumption 
that p 2 < 8 in case p = 2, one has 



1 



(1+A)(p-1) 



1+A(p-1) 



dxdt 



+P^(y,s;p)}, 



with 

(p^8^~, p>2, 
[0, p = 2. 

The estimate above is not homogeneous in u which is usual for such 
type of equations [21 0]. The proof of Theorem 11.11 is based on a suitable 
modifications of De Giorgi's iteration technique pQ following the adaptation 
of Kilpelainen-Maly technique [9] to parabolic equations with ideas from 



Corollary 1.2. Let u be a weak solution to equation (|1 .2[) . Assume that, 
for all O' ifi and I <s (0, T), 

lim sup P^ L \x,t;p) < 00. 
p-+° (x,t)en f xi 

Then u e L™ c {n T ). 

Remark 1.3. In case p(dx,dt) = p,(x,t)dxdt we can estimate Pp by the 
Lebesgue and Lorentz norms as follows. 

1. Let p € L r (0,T;Li(n)) for r > 1 and q > Then 



P N Ll(Qp,pPr) < IT 1 rf? r 1 \\p\ 

and 

D v {p) < 7 



q.r 



_P_N_ 

P P 9 \\p\ 



q.r 



P-l-±(p-2) 



Hence, if A + g < 1 then 



supP^(x,t;p)<7||^|| g P ; 1 " F(P " 2) - 

x,t,p 

In particular, we recover a classical condition on local boundedness of 
the solution u (see, e.g., [31 Remark 0.1]). 
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By the same argument one proves that, for ^ £ -L 9 (f2; L r (0,T)) with 



r > 1 and q > — such that - + — < 1, the following estimate holds: 



supPW(*,i ;/3 )<7||/4^ (P ~ 2) - 

x,t,p 

2. The latter estimates can be refined in terms of the Lorentz norms. 
Recall that, for a measurable function /, the non- increasing rearrange- 
ment /* and its average /** are defined as follows: 

s 

f*(s) := inf{i : |{|/|(0 > t}\ < t}, r(s) :=-J f*(a)da 

o 

and that the spaces L q,a , < q, a < oo are defined by the following 
translation-invariant metrics: 

i 



q,ot 



It is clear that 





supsi/**(s), 

s>0 



< q, a < oo, 

< q < oo, a = oo. 



Let /x e L*«(fi; Z7-°°(0, T)) , with r > jg, q = ^ and a = ^A^y 
Then we estimate 



fi(x,t)dt < (rff) L r ||jti|| ri0O (a;) and \p fJ>(Q p ,pp T ) 



-Tp' J 



1 



<_r i -r /0 P-^| M ||- oo ( w ^) > 
where ujn denotes the volume of a unit ball in R . Hence 

Op(p)<7fp p -*iHir o(^)l a 



and 



x,t 



supP^(x,t;p)< 7 / (c^iv^) 



« ds 



ds 



< \\n\\ a 



(r,oo),(g,o) " 



The rest of the paper contains the proof of Theorem 11.11 
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2 Proof of Theorem 11.11 



We start with some auxiliary integral estimates for the solutions of (jl.2p 
which are formulated in the next lemma. Let 

_U p -2f-\ p>2; 



Note that e p is continuous and that e p > e e > \- For A G (0, 1) we define 
(2.1) G{s) := 4 A s + and ip(s) := (1 + - 1 x s + A s" + p . 



For 5 > and < p < R define, 

jW( a ) := ( s _ £p( 5 2 -V, ^ + e p 5 2 -Pff), Qf{y, s) = B p (y) x jW( a ). 

In the sequel, 7 stands for a constant which depends only on N,p, c$, ci and 
A, and which may vary from line to line. 

Lemma 2.1. Let A < and m > p. Then there exists a constant 
7 > depending only on N,p,co,ci, A and m, such that, for every solu- 
tion u to (|1.2p in {It, every 1,5 > 0, and (y, s) € £It such that the cylinder 
Q p 5 \y,s) C Qt, and every £ € C£°(Q p S \y, s)) such that < £ < 1 and 
|£t| < 85 p ~ 2 p~ p and |V£| < 4/0 , i/ie following estimate holds. 

sup 4v / ^f^W^d* 

u-A p 

1 £ m dxdt 



+ 



P N 
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(2.2) 

™~2 /•/• / _ /\ (1+A)(p-1) 1 

+ /A (— J r ^ * + 7^+ (O? (v, *)) , 

w/iere L = Qp\y, s) n {u > I}, L(t) = L n {r = t}. 

Proof. For shortness, we write B := B p {y), I := lf\s) and Q := Q p 5 \y, s). 
We also denote I(t) := In (0,t) and Q(t) := B x J(t). 
Let 

:= /(l + r)- 1 - A dr x S+ Alx -^±- 
(2-3) 

and $(s) := /" ^(r)dr x G(s) = s+ A s + . 
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Let m e and M a denote symmetric mollifiers in t and in x, respectively. Note 
that m £ Mo- is a contraction in L q (Q) and C (I; L q (B)j for all q E [l,oo] 
and that m E M a — > I as e, a — >■ in the strong operator topology of the 
aforementioned spaces for q E [l,oo). Also, m £ M cr 6 ) — > 9 a.e. on Q as 
e,a — > 0. Further on, for a function 9 we denote 9 £ := m e M £ 6. 

We choose 6>( £ ) := ± [0 (^) £ m ] £ as a test function in flOJ). Then we 
have that 



(t)fl (e) (*)da;+ // |Vu| p - 2 (Vn)V0 (£) dxdt 
= // + / / ud t 9 {£) dxdt. 

JjQ(t) JjQ(t) 



Note that 9^ -+ := \$ (^f 1 ) £ m in C(J; nL p (I; W^CB)) as e ->• 

for all g E [1, oo) since (j) is a bounded continuous function. Hence 



(2.5) 



u(i)# (£) (i)dx + // \Vu\ p - 2 (Vu)V9 {e) dxdt 

B JJQ(t) 



/ u(t)9dx + // |Vu[ p ~ 2 (Vu)V6>cfo(ii as e ->• 0. 
JB JjQ(t) 
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Since m e M a is a contraction in L°°(Q), we have that 9^ < sup</ 
Therefore we obtain that 

(2.6) // ^<^/i+(Q(t)). 

Now we consider the last integral on the right hand side of (|2,4p . Since 
m e M a is a self-adjoint operator commuting with the derivative, 

J J ud t 9^dxdt = J u e (t)^<j> ^^IzP j £™(t)dx 



Q(t) 



J u e {t)\<t> (^Y 1 ) C(t)dx - ff Cdt* (\+) dx dt 



Q(t) 

B us)\<t> ( ^4^1 cwx -[*( ^Izl) e\t) dx 



u e I \ cm-l. 



+ mJJ<S>[ ) C~ %dx dt. 

Q(t) 
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Since <I> is a Lipschitz continuous function, we conclude that 
f [ ud t 0^dxdt^ [ u(t)0(t)dx - [ $ ' U ^ ~ 1 



i m {t)dx 



(2 - 7) rr (u-v 

+m / / $ — — ) C^itdx dt as e ->■ 0. 



Q 



Collecting (|2.4p - (|2,7p we obtain the following inequality: 

J $ \ ^tz£ \ £ m (t)dx + J J \Vu\ p - 2 (S7u)V6dxdt 

B 

<mjj *(^) r _1 ^* + ^M+(Q). 



Taking the supremum in t, we obtain 



sup j $ - j £ m (i)cfo + J J \Vu\ p - 2 VuV9dxdt 

te B Q 

< m jj *(^) r- 1 e^^ + ^ / u + (Q). 



(2.8) 



Now we estimate the second term on the left hand side of (|2.8p as follows. 

y f \Vu\ p - 2 VuV6dxdt >^ff(l + |Vn| P e m <ix^ 
Q L 

_ 7 ^yyiv„ rl ( 1+ ^i)- l (^)| V5 ir-^* 



L 



l+A 



Observe now that G < $ < and ^'(s) = (1+s) p , that |&| < 4S p - 2 p- p 
and |Vf | < 4r>-\ and that (l + s) A ^ 1 )- 1 s p < s^+^Cp- 1 ) since A(p-1) < 1. 
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Hence we conclude from (|2.7p and (j2.9j) that 
'u{t) - I 



sup 

tei JL(t) 

5 P-2 



G 



C(t)dx + 5 p 



-2 



<7- 



pP 



u — I 



u — I 



Cdxdt 



(1+A)(p-1) 



i m - p dxdt 



□ 



Remark 2.2. The constant 7 in (|2.2p is proportional to a power of m max 1 
^, where is defined in (|2.3|) . In particular, it blows up as A J, 0. 



Let (y, s) be an arbitrary point in Oy. Fix p,9 > such that p < 
dist(y,9f2) and 9 < min{s,T — s}. For p = 2 assume, in addition, that 
p 2 < 9. Fix <5 P)0 : 

0, p = 2. 

Fix m > 2p and £ € C~(5i(0) x (-1, 1)), such that < £ < 1, £(a;,i) = 1 
on Si (0) x (-|, |), and |V£| < 4, \8 t £\ < 4. 

Fix a number k € (0, 1) depending on N,p,c\,C2 and A, which will be 
specified later. 

For j = 0, 1, 2, . . . positive numbers lj and <5j are defined inductively as 
follows. We set <5_i = 25 p ^ and Iq = and, for j = 0, 1, 2, 3, . . . , given <5j_i 
and /j, we define 5j and as follows. We denote pj := p2~ 3 , .Bj := B Pj {y) 
and 

7j- := sup {r : i p (r) + 2(p _i )P -i p~ N (J,(Q Pj , Tp p) = D p ( Pj )} , 
where D( P j) is as in (jl .4|) . For 5 > 5j with 
(2.10) dj-^Sj-JVipirj), 
we define 

l] := (s-6 2 -Pp p j s p ,s+6 2 - p p p j e p ), Q] := BjXl*, h] := {(x,t) € Q S j : «(x,t) > /,} 
and, for t € l| , 

:= {2 € Bj : u(x,t) > lj}. 

Then denote 

x — y t — s \ 
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Note that £jj € C£°(Qj) and £j,s(x, t) = 1 for (x,t) G ^Qj, with the deriva- 
tive estimates |V^- 5 | < 4pj\ \d t Cj,s\ < ^S^p^e' 1 < 85 p - 2 pj p . 
Set 

SP-2 fr /u _ z a(i+A)(p-i) 

N 

e pPj 



(2.11) 



3 



1 /" „(u-l 



+ sup— / e^c. 



oo. 



For j = 0,1,2,..., if 

(2.12) Aj(6j) < x, 

we set 5j = Sj and = lj + Sj. 

Note that A. (5) is continuous as a function of S and A, (<5) — > as 5 
So if 

(2.13) Aj{8j) > x, 

there exists S > Sj such that Aj(S) = x. In this case we set Sj = S and 
= lj + Sj. 

With fixed Sj, we set lj := I- 3 , Qj := Qy*, Lj := Ly' and £j := Cj,8y 
The following proposition is a key in the Kilpelainen-Maly technique [9j. 

Proposition 2.3. One can choose x > suc/i that there exists 7 > 1 
depending on the data, such that 

(2.14) *j<^j-l+7A»(Pj)> 
/or j = 1, 2, 3, . . . , and, /or j = 0, 



1 



(2.15) 5 < S pfi + 7 I * / / u J+^Cp-D J + 7jDp (p). 

The proof of Proposition 12.31 is split into several lemmas. 
Lemma 2.4. For j = 1, 2, 3, . . . , we have 

(2.16) Qj C \Q 3 -x j = 1, 2, 3 . . . , and Q,- C Q p , e j = 0, 1, 2, . . . , 
so in particular = 1 on Qj , j = 1,2,3 ... ; 

(2-17) QjCQp.^., j = 0,1,2,.... 



1+A(p-1) 



(2.1M -S^I^I^BupM^o^. J.2.. 
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and 

(2.19) sup^/ u{x ^-^ dx<2 N+ ^, j = l,2 

(2.20) 

5 P ~ 2 /• A/lV t\ /.\ (1+A)(p-1) 

There exists 7 > such that, for j = 1, 2, . . . , 

<5r 2 rr p 1 



Proof. The imbedding ()2. 16j) - (j2. 17[) follows from the choice <5j > jj, with <5j 
defined in (|2.1U|) . Indeed, since Sj > ^5j-i, one has Sj ^Pj < \^~X(^j-v 
Hence (|2. 16|) . Similarly, 6j > i p (rj) implies £p$'j~ P pj < T i/ C 'j- Hence ()2.17p . 
To prove (j2. 18|) . observe that, for (x,t) £ Lj one has 

(2 22) u(s,t) -Zj-i = 1 + t) - lj > x 

1 S j 1 

Since = 1 on Qj and C and Lj(i) C Lj-i(t) for i € /j, we 

obtain 

sup^#<p 7 -su P / G (^t±)^_ ldx 
(2 23) <e/j Pj ^hJL^t) V <5j-i / 

S 3-l 



< r pji\ sup / G ^— ^ ^idx < 2- x, 



which proves (f2TT8|) . To verify ([2"7T3j) . note that G(s) + 1 > s for s > 0. 

Then, since 8j > 5^-1, one has, for (x,t) S Lj, 

(2.24) 

u(x,t) - lj < u(x,t)-lj = 2 u(x,t) - lj- x _ 2< 2g( ~ 



So, by the same argument as in (|2.23]) . 

teij Pj J Lj (t) V d j J telj Pj JL 3 (t) V d j-i J 
teij-i Pj-t JL^t) V d j-i 
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The estimate (|2.20p follows from the next observation: 

/„_7.\(l+A)fa-l) / x. \P-2-(i+A)(p-i) f _i.\(i+A)(p-l) 



/. \(1+A)( P -1) 
'.7-1 \ 



<2 l+A(p-l)xp-2 f U-lj-A 



To conclude ()2.2ip from ()2.2p one has to estimate the first term in the 
right hand side of the latter. To do this, it suffices to observe that G(s) < s 
and apply (l2~T9|) . □ 

Lemma 2.5. For every e > there exist 71(e), 72(e) > suc/i i/iai, for 
3 = 1,2,3,..., 



Jf 2 /y / U .,.\(W)M 



(2.25) 



and 



(2.26) 







3 



N+p JJrA ) 



C 1 p dxdt 



1 



<ex + 7i(e)xiv x +_ _ M+ (Q.) 



sup^/ G (l^W 



Proof. For shortness we denote 

,'u — l 

Wj := ^ 



Note that, for every e > 0, there exists 7(e) > such that s( 1+ A)(p-i) < 
2- 7V e + 7(e)^ p+ ^ rT ^ x (s). Hence, by (12T8L 

<5 P ~ 2 /■/■ / u _/.\( 1 + a )(p- 1 ) 



(2.27) 



Pj r JJL 



<ex + 7 (e)^ // vT^-^^dxdt. 



The second term on the right hand side of (|2.27p is estimated by using the 
Holder inequality first (note that A < A), and then the Sobolev inequality, 
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as follows 



P f +p JJl, ' L > 



N-p 

(2.28) x (j_ f ( Wj ^) N dt 

\Pj jL pt) J 

( \Lit)\Y { ^~ x) ( i r -^=- \ Xp 

< 7 sup 3 n su P^v / 1 x dx) 



N v N / 7 

K teij Pj J \t< ' >'.i jL i® 

P-2 

V (wj£j)\ p dxdt 



Since ip(s)p- 1 ~ x < 7s for s > 0, the first two factors in the right hand side 
of flZZSD are estimated in (f27T8]) - (f27T9|) so that we obtain 

5 p r 2 rr /.. (1+A)(p-1) 

3 III 3 \ c m —p 



C L - p dxdt 



S p r 2 

<ex + -i{e)xN^ ir jj \V {wjij)\ p dxdt 



6 P-2 
L 3 



<ex + j(e)xN J— I I \V Wj \ P i P dx dt 

P j J J La 



5 P ~ 2 



+l(e)x N -j^ / / w p dxdt. 



Pj -JJL 



The second term on the right hand side of the last inequality is estimated 
in (12211). Then, the inequality ip p (s) < 7(1 + 9 ( - 1+x ^~ 1 ^) and ([238]) and 
(|2T2"UD imply that 

5 P ~ 2 



vf-dx dt < 7X. 



Hence (g25D follows. 

To conclude (|2.26p from (|2.2p and (|2.25|) . we have to estimate the first 
term in the right hand side of ()2.2|) . Note that, for every e > there exists 
7(e) > such that G(s) < 2~ N ~ l e + 7 ( e ) s ( 1 + A )(p- 1 ) . Then ([22]) and flZJgp 
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imply that 
teij Pj JL 3 (t) V °j J 



<i ex+(7 + 7(e) )^_ Jj^ f^LJi^ ^-p dxdt + 1 _L_^ +{Qjl 

Pj j 3 J j 

with 7 > as in (|2.2p . Choose now e\ > such that £1(7 + 7(e)) < \e. 
Then applying (|2.25p with e\ in place of e, we obtain (|2.26p with 72(e) := 

(7 + 7(e)hi(ei). □ 

Proof of Proposition POl It suffices to prove (|2.14|) - (|2,15|) in case <5j > 
Otherwise the estimates are evident as Sj = 5j implies that Sj = \Sj-i 
(recall that §<5_i = S Pt e) or 5j = i p {rj). Note that 5j > Sj guarantees that 
Aj(6j) = x. 

First we prove ()2.14p . that is, consider the case j = 1, 2, 3, ... . Then it 
follows from Lemma 12.31 that, for every e > 0, there exists 7(e) > such 
that 



(2.29) x<ex + 7 (e)xiv I x + —^^(Qj) +7 ^_ /U+ (Q j ). 

Now choose £ = \ and k such that 7(^)x^ < \. Then it follows from (|2.29p 
that there exists 7 > such that 

— ^AM-(Qj) > jx, hence Sj < — — jr^Qj). 
OjPj 1* Pj 

By (EUD, fi+iQj) < M+(Q p ,, T ,^) so 

Sj < + v(rj) + ~fpj N v+{Q P] , T] pp) < + lD p ( P j). 

So (pTL4"|) is shown. 

Now we prove the estimate (|2.15p of Sq. Since Aq(6o) = at least one 
of the following two inequalities holds (recall that Iq = 0): 

5 p - 2 ff fu+\^^ J J 



2 -epfF+PjJ^So 
hence 



xs p p N+ P 



1+A(p-1) 
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or 



(2.30) \ x < sup -L / G (^) t^dx. 

teio P Jb p V o 7 

In the former case (|2.15|) follows immediately, while in the latter one we use 
(|2.2p and the next estimate: for every e > there exists 7(e) > such that 
G(s) < e + 7(e)s( 1+A )( p " 1 ). Then (jSSEiD implies that, there exists 7 > and, 
for every e > there exists 7(e) > such that 



5 P ~ 2 ff /u. \ (1+A)(p ~ 1} 1 

ix< 7£+ 7( £ )^ yy (^j «fa*+7^(Qoj 



Choose e > such that -ye < \x. Then, for some (other) 7 > 0, 
5 P ~ 2 ff fu+ \( 1+a )(p- 1 ) 1 



Thus at least one of the following two inequalities holds: 

5 o~ 2 



5l 2 ff fu + V 1+x ^ J J 



hence 



1>cp N+P 



5 < 1^- // uSf+^W 



1+A(p-1) 



p. 9 



or 



1 2 1 

^7^ < T-^r^+(Qo), hence S < W n+(Q ) 

Note that n + (Qo) < fj,+(Q pTQP p), due to (|2.17]) . Hence 



1 



\ 1+A(p-1) 

'V> -'V'-' + ~ ( ^ivT^ y y^ w+ +A)(p_1) ^d*J +ip(r ) +7^+(Qp,ropf) 



(-Iff \ ! + A (P-!) 

^ JJq p ^ xdt ) +^°»- 

So (I2~T5]1 holds. □ 
Corollary 2.6. TTie sequence (lj) is bounded above and 



lj / Zoo < 25n, e +7 < 



" J J Q P ,e 



\ i+A(p-l) 
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Proof. It follows from Proposition 12,31 and setting Iq = that there exists 
7 > such that, for J = 2, 3, 4, ... , 

7-1 7-2 J-l 

7=0 7=0 J = l 



Since Zj > Zj-i, the assertion follows 



1+A(p-1) J-l 

i=o 



□ 



Proof of Theorem \l.l[ Since u := — u satisfies the equation dtu — A p u = —fj,, 
it suffices to show that u + (y,s) < Z^ whenever Z^ < oo and (y,s) is a 
Lebesgue point for the function u + . 

Note that, by (|2. 16|) . Qj X {(y,s)} as j — > oo. Observe that comparable 
symmetric cylinders form a basis satisfying the Besicovitch property, by [7J 
Lemma 1.6] (see also [8j Chap. I, Sec.l, Remark (5)]). Hence, by Theorem 
2.4] (see also [8j Chap. II, Sec. 2, Theorem 2.1]), it is a differ entiable basis 
for all functions from L\ oc {£It)- So for a Lebesgue point (y,s) for u + , one 
has 

u+(y, s) = lim — — A A u + <ix dt < + limsup — — ■ ff (u — l^+dxdt 
j^oo \Qj\ JJq. j-^oo \Qj\ JJq. 

( Iff \ (i+aKp-i) 

<loo + I limsup — / / (u - l^y^^'dxdt I 

j— >oo IVjl 



On the other hand 

-2 



, r (l+A)(p-l) n 

< jx5j ' u ' -> as j ->■ oo, 
since the series ^ (5j < oo. Hence the assertion follows. □ 
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